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Abstract. We are continuing our study of ADE-orbifold subalgebras of the triplet vertex algebra 
yV(p). This part deals with the dihedral series. First, subject to a certain constant term identity, 
we classify all irreducible modules for the vertex algebra M(l) , the Z2-orbifold of the singlet 
vertex algebra M(l). Then we classify irreducible modules and determine Zhu's and C2-algebra 
for the vertex algebra W(p) D2 . A general method for construction of twisted W(p)-modules is 
also introduced. We also discuss classification of twisted M(l)-modules including the twisted Zhu's 
algebra Ay(M(l)) , which is of independent interest. The category of admissible ^-twisted M(l)- 
modules is expected to be semisimple. We also prove C2-cofiniteness of W(p) Dm for all m, and give 
a conjectural list of irreducible W(p) D '"-modules. Finally, we compute characters of the relevant 
irreducible modules and describe their modular closure. 
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1. Introduction 

The family of triplet vertex algebras W(p), p > 2, has recently attracted a lot of interest in 
connection to logarithmic conformal field theory, Hopf algebras and tensor categories (see |AM2] . 
[AM3] [CR] [FGSTlj . [FCST2J . pO] , \GK2\ . [F55| . JS|, \GKM\ . |NT| ). 

In [ALM1] , we started to investigate subalgebras of the triplet vertex operator algebra W(p) 
obtained as the fixed point subalgebra W(p) r , where T C Aut(W(p)) = PSL(2,C) is finite (so it 
is of ADE type). In the same paper, we proved the C2-cofiniteness of W(p) Am (cyclic case) and 
presented several results and conjectures about its representation theory. In this installation we 
prove analogous results for the subalgebras W(p) Dm , where D m is a dihedral group of order 2m. 

Date: 



Although W(p) might appear to be more complicated compared to A-series, it is important 
to point out that W(p) Dm is in fact a Z2-orbifold of W(p) m for the automorphism ^ of order two 
constructed in jALMlj . If we adopthis point of view, investigation of W(p) Dm has many similarities 
with the vertex algebra V£ obtained as a Z2-orbifold of the rank one lattice vertex algebra Vl (cf. 
|DN2j . |DGR| ). The vertex algebra V^ is known to be rational and C2-cofinite (loc.cit). Thus, 

W(p) m can be viewed as an irrational (or logarithmic) generalization ofV^~. 

In order to analyze the orbifold V^~, C. Dong and K. Nagatomo in [DNlj . |DN2j made a heavy use of 
representation theory of the vertex algebra M(l) + , a Z2-orbifold of the c = 1 Heisenberg (bosonic) 
vertex algebra M(l). So, in parallel with their approach, we first study the vertex operator algebra 

M(l) (of central charge c Pj i!), a Z2-orbifold of the singlet vertex operator algebra M(l) studied 
extensively in [7f] (see also [AMlj ). Recall that irreducible M(l)-modules are of lowest weight type 
with respect to (L(0),H(0)) 

L M(ij( x >y^ y 2 = c p p ( x )> 

where C p is a non-zero constant and P(x) is a polynomial of degree 2p — 1 (loc.cit.). In Section 
[2J among other things, we proved that M(l) is the only proper vertex subalgebra of M(l) which 
contains Virasoro vertex operator algebra L(c P) i,0). The Zhu algebra A(M{1) ) is also commuta- 
tive and generated by two vectors [u], {H^ 2 ']. But the explicit determination of relations among 
them seems to be a difficult problem. To tame this, we use approach similar to that developed in 
[2], |AM2j . |AM3| and in other papers. Then up to a certain constant term identity (Conjecture 

I7.6p . we present a classification result for irreducible M(l) -modules. Since Conjecture 17.61 can 
be easily checked on computer for small values of p, we get a large class of vertex algebras having 
similar representation theory as M(l) + for c = 1. 

In this approach, we also need twisted M(l)— modules. For every 1 < j < p we construct unique 
^-twisted M(l)-module L *"L (h p+ i/2-j t i) of lowest weight h p+ i/2-j,i- 

Theorem 1.1. Assume that p is small (i.e., p < 20,). Then 

(1) Twisted Zhu's algebra Asy(M(l)) is semi-simple and isomorphic to 

C[x]/(h p (x)) 
where h p (x) = H? =1 (x - h p+1/2 _ iA ). 

(2) The set |L f "! (^ P +i/2-j,i) I 3 ' = 1> ■ • ■ >PJ provides all ^N-graded irreducible ^ -twisted M(l)- 
modules. 

We shall prove this theorem for p small, because then we can verify some technical conditions 
on computer. Of course, we conjecture that this theorem holds for every p. 

The above twisted M(l)-modules, as an M(l) -module, decompose into a direct sum of two 
non-isomorphic irreducible modules 

L §(i)( Wj,i) = R ^) a © R(ip + 1 - JY- 

Theorem 1.2. Assume that Conjecture \ 7. 6\ holds (verified for p small). 
(1) The set 

i L A7(i)"( /li . 1 ' ) ± ' L JI{Tj( x ^y^ R (3Y,y^Q,i = h---,P,3 = l,---,2p} 



gives a complete list of non-isomorphic irreducible N-graded M(l) -modules. 

(2) Every irreducible M(l) -module is realized as a submodule of either irreducible M(l) -module 
or irreducible ^ -twisted M(l) -module. 



Next we study the representation theory of W(p) . The main results in this directions are 
proven in Sections [H [9] and [TUJ We prove C2~cofiniteness for all m and construct a family of 
irreducible modules. In the case m = 2, we present results on classification of all irreducible 
modules. 

Theorem 1.3. Assume that Conjecture \ 7. b] holds (verified for p small). 

(1) The vertex operator algebra W(p) D ' 2 has lip irreducible representations. 

(2) Zhu's algebra A(W(p) D2 ) is commutative and 

dim A(W{p) D2 ) = dimV(W(p) D ' 2 ) = Yip - 1. 

(3) The modular closure of irreducible characters of W (p) Di -modules is Qp — 1-dimensional. 

So up to a combinatorial identity, W(p) D2 , p € N, gives a new series of non-rational C2-vertex 
operator algebras, for which we have complete classification of irreducible representations and 
description of Zhu's and the C2-algebra. We plan to extend this result for general m in our 
forthcoming papers. 



2. The vertex algebras M(l) and W{p) Dm 

In this part we mostly follow [AM2j , JAM3J . We fix the rank one even integral lattice L = Za such 
that (q, a) = 2p. Extension of scalars on L leads to the abelian Lie algebra rj and its affinization 
rj. Denote by M(l) = S^^o) — C[a(— 1), a{— 2), • • • ] the Fock space, with the usual vertex algebra 
structure. The conformal structure is determined by 

1 ,o v — 1 , 

w = _a(-l)»l + ^-a(-2)l 

Conformal vertex algebra M(l) embeds into the lattice vertex algebra Vl = M(l) (g) C[L], where 
L denotes the group algebra generated by e Q , a £ L. We use standard notation Y(e a ,x) = 

J2 ne i e n x ~ n ~ 1 - We have two (degree one) screenings: Q = e$ and Q = e Q a (strictly speaking 
e a operates on the generalized vertex algebra associated to the dual lattice of L). The kernel 
of Q on Vl is what we call the triplet vertex algebra and is denoted by W(p) [FGSTlj . [FGST2] , 
For more about the structure of W(p) see |AM2| |FGST1| . |FGST2j for example. Recall that the 
triplet vertex algebra W(p) has 2p irreducible modules: 

A(t),n(»), i = l,...,p. 
In |ALMlj . we have constructed an automorphism ^ of W(p) such that 

^(QV- nQ ) = l2n-% Q2n ~ ie ~ na ' 

and proved that Aut(W(p)) = PSL(2,C). 

In what follows for an untwisted F-module M and a € Aut(V), we denote by M a the y-module 
where the actions is twisted by a. One can easily show that 

A(»)* = A(t), n(t)* ^ n(»). 

This implies that ^ induces W(p)-isomorphisms of ^\u\, ^n(j) °f irreducible W(p)-modules. In 
particular, on A(i) we have 

»— l ^ i Vol *— l 

$ A(«)W Je2? )= (2n-j)! Q e 

The operators Q and / = — ^a(j) ° Q ° ^A(i) induce an s£(2)-action on A(i). Similarly, we have 
an s/(2)-action on II(i). 



Set 

v n = Q 2n e~ 2na , n € Z> , 
and set 

v\ = (2ra - iy.Qte-™ + (-l) i i!Q 2n - i e _na l i, n G Z> , i < n, m|n - i. 
Then 

oo 

W(p) Dm = ®U(Vir)v n © 0«(Wr>4 

n=0 j,n 

where the pair (i,n) satisfies the above condition. In W(p), we need the following vectors: 

H (2) = Q 2 e -2a^ 

U {m) = (2m)\e- ma + Q 2m e- ma . 



Note that Vl/ € Aut(M(l). So we have an automorphism of order two of the singlet vertex 
operator algebra M(l) such that ^(H) = —H. Let 



M(l) ={»£ M(l) | *(«) = ±v}. 



■+ . 



Then M(l) is a simple vertex subalgebra and we clearly have 

M(l7 = M(l) + 0M(lT. 
We have the following decompositions: 



oc 



M(l) + = ($U(Vir)Q 2n e- 2na * @L(cp t i, fci j4n+ i), 

n=0 n=0 

oo oo 

M(l)- = 0W(^r)Q 2 - +1 e-( 2 " +1 ) Q ^I^A^,), 

n=0 n=0 

The proofs of Theorem 3.5 in |DNlj and Theorem 3.2 in [5] imply the following theorem. 



Theorem 2.1. M(l) is strongly generated by H^ 2 ' and ui, and the Zhu algebra A(M(1) ) is 
generated by [H^ 2 >] and [to]. Moreover, we have 

[H^] 2 = f([u;])[H^]+ g ([u J ]) 
for some f,g€ C[x], deg(f) < 3p — 1, deg(g) < Qp — 2. 



We also have a uniqueness result for M(l) . 



Proposition 2.2. M (1) is i/ie on/y proper vertex subalgebra of M(l) which contains Virasoro 
vertex operator algebra L(c P) i,0). 

Proof. Recall the s/2(C)-action on W(p) from [ALMlj . Then Lemma 2.6 |DGRj applies verbatim 
for Cp t i central charges. The rest is clear. □ 

Our next result concerns generators of W(p) . 
Proposition 2.3. The vertex algebra W(p) Dm is strongly generated by 

u, # (2) , U (m) = (2m)!FW+£W, 
so it is a W -algebra of type (2, 6p — 2, m?p + m(p — 1)) 



Proof. It is easy to prove that uj, H^ 2 \ U^ mn \ n > 0, generate all of W(p) Dm . In fact, 

oo 
n.=0 

where U^' = 1. By using strong generation of M (1) via H^ 2 ' and u, to finish the proof it is 

sufficient to show that M(l) • U^ mn > is strongly generated by w, [7~( m ) and H^ 2 ' . We use induction 
to prove this fact. Suppose that the result holds for m < k. Then, as in proof of Theorem 2.9 
in |DGRj . we choose no such that XJ^Tj{ mk ) — v Tj(m+mk) _|_ v £ or sorne v f or wri ich the inductive 
hypothesis applies. □ 



3. Irreducible M(l) -modules from untwisted M(1)-modules 



The classification of irreducible M(l)-modules was done in pQ. The irreducible M(l)-modules 
are parameterized by lowest weights with respect to (L(0) , H (0)) . So let L M(l J x,y) denote the 

irreducible M(l)-module with lowest weight (x, y) such that 

2p-l 

y l = C p P(x), C v 
where 



hi j 



Then 

L-, 



(4p)2 P -i 


p 


(*) = 


(2p-l)! 2: 


Up - if - 


(p. 


-I) 2 


Ap 






- ,A* ~ T. 


C 





If y 7^ 0, then L M(1 J x,y) = L M(1) (x, —y) are irreducible as M(l) -modules. 

If y = 0, then L ,,,-.-. (x, 0) is ^-invariant, and therefore it splits into a direct sum of two non- 

isomorphic M(l) -modules: 



But in this case x = /io and L jmx (hi t i , 0) = M(l).e 2 ? a . Therefore: 



L M(T)(^i>0) + = A/(l) .e^ a , L wy (/ lijl ,0)-^M(l) .Qe^^. 

For any A E b let M(l, A) denote the irreducible M(l)-module defined in |LL| p. 219]. Let v\ ^ 
be a lowest weight vector of M(l, A). 

The following result follows from |AM2j : 



Lemma 3.1. Consider M(l, A) as a Mil) -module, then 



HW = ^(t-2(j>-i)K, 



where B p = u _l\\i){ o- n d t = (A, a). Moreover, 



[# (2) ] - /p(M) 
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acts trivially on top components of M(l,\), where 

3p-l 

f p (x) = Bp]l(x-h iA ), Bp^O. 



8=1 



Let us now identify lowest weights of constructed M(l) -modules with respect to (L(0),H^ 2 '(0)). 

Proposition 3.2. We have: 

(1) 

L M(Ty + ( /li ' 1 ' ) =L Mciy( /t u>°) + /°" = i,- ■■>!>» 

(2) 



W(i,/pW) = i M(iy( a; > ± \/Cp i:, ( a; )) ifx^h iA , i = l,...,p. 



Proof. Assertion (1) follows from the fact that L + (/ij i , 0) is realized as a submodule of M(l).e 2 p , 

M(l) 

and that 

L(0)e^° = /ii,ie^ a , ^ 2) (0)e^ Q = (i = l,...,p). 

x = £*(* - 2(p - 1)), „ = (-l) P ^( 3 /_ ,) (3^) = /pW- 

For a proof of assertion (2) we realize the irreducible module L— — -+(x, y) as a irreducible subquo- 

tient of the M(l) -module M(l, A), with (A, a) = t. Uniqueness follows from the theory of Zhu's 
algebras. □ 



Proposition 3.3. For every 1 <i <p, there exists an irreducible M(l) -module 
L—-+(h ip - i:1 , -2/p(/i 4 p_i i i)) with lowest weight 

{hip-i^i, — 2/ p (/t4p_i ) i)). 
This module is realized as 

Ljf^iKu 0)" = M{T) + .Qe ! ^ a - a . 



Proof. Let us consider the case i = 1, i.e., the module M(l) . So there is Ai € C such that 

H^(0)Qe~ a = XiQe~ a . 
Then applying the operator / we get: 

6(Qe- 2a )(0)Qe-° + 2H^\G)e- a = 2X ie ~ a , 

which implies 

-3e~ 2a (0)E + f p (h 4p -i,i)e- a = X ie ~ a . 
Let a £ C such that e~ 2a (0)E = aF. Then 

tf (2) (0)£ = a£. 

Applying the automorphism ty we get 

H^(0)F = aF => o = / p (^,_i,i). 

We get 

Ai = — 2/p(/t4p_i j i). 



i-l 

a— a 

o 



The general case is similar (just change e Q with e 2 p and use operator / = — ^a(i) ° Q 

*A(i)- D 



4. Twisted M (1) and W(p)-modules 

In this section we shall construct a family of ^-twisted modules for the vertex operator alge- 
bras M(l), W(p) and its subalgebras W(p) , m > 1. We shall start from r-twisted modules 
constructed in |ALM1| . and deform this action to get ^-twisted modules. 

First we recall one well-known fact (see |DMj for details). Let V be a vertex operator algebra, r 
and a automorphisms of V. Assume that (M,Ym) is a r-twisted ^-module. Then (M a ,Y^) is a 
<7 _1 ro"-twisted module, where 

M° = M; Y^(v,z)=Y M (av,z). 



Consider now twisted W(p)-modules R(j) = V 3 P -j-i/2 , j = 1, . . . ,2p, studied previously in 

2p 

[ALMlj . These modules are r-twisted W(p)-modules, where r = exp[|^a(0)] is the automorphism 
of W(p) of order 2 (for more details see [ALM1] ). 
We have: 

Proposition 4.1. Let a G Aut(W(p)) = PSL(2,C). Then R{j)° is a~ l T a -twisted W(p)-module. 
Assume that Wo is a subalgebra ofW(p) such that 

ara~ =1 on Wo- 



Then R(j) is an untwisted Wo-module. 

Take now the following automorphism of the triplet vertex algebra 

a = exp[/i/] exp[AQ], A/i = —1/2. 
Then 

a{H) = XE + ftF. 

2\ 2 E-2\H + F 



a(E) 
a(F) 



2A 2 
2X 2 E + 2XH + F 



Let U = o~(H). Then U generates the subalgebra of W(p) isomorphic to M(l). 
Then 

r(a(H)) = r(U) = -U = -(a(H)), 

and 

2 A 2 

<j- 1 t{o{E)) = --jF, a- l Ta{F) = --E, a~ l ra{H) = -H. 



Take A = i. Then 



a 1 to = ty. 



Proposition 4.2. For j = 1, . . . , 2p, we have 

(1) R(j) is a ^ -twisted W(p) -module. 

(2) -R(j) CT is a * -twisted M{l)-module. 

(3) .R(j) is an (untwisted) M(l) -module. 

(4) -R(j') is an (untwisted) W(p) Dm -module for every m > 1. 

We shall here discuss the m = 1 case (this case was also discussed in [F]). We have: 

Proposition 4.3. VFe /iaue: 

W(p) Dl ^W(p) A2 . 
In particular, W(p) * is a C^-cofinite vertex operator algebra of type (2, 2p — 1, 6p — 2). 
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Proof. We have 

v G W{p) Dl ^^ i>{v) = v ^^ o-~ 1 to-{v) = v ^^ a{v) G W{p) M . 

This implies that 

a\ w(p)Dl : W(p) Dl -► W(p) A2 
is an isomorphism of vertex operator algebras. 

Since W(p) M is C 2 -cofinite (cf. [ALMlj ). we have that W(p) Dl is C 2 -cofinite. D 

We shall use W(p) + instead of W(p) Dl . 



5. The classification of twisted M(1)-modules 



In this section we study the problem of classification of irreducible 'I'-twisted M(l)-modules. 
Provided that some technical conditions are satisfied (which can be verified for p small on com- 
puter), we completely described twisted Zhu's algebra Ay(M(l)), which gives the classification of 
irreducible twisted modules. This section is of independent interest. 

Assume that a G Aut(W(p)) such that 

(1) o~\a = * on M(l) 

(2) a{H) = \E + (iF, (A,/i/0). 

Then R(j) is irreducible <7 _1 T<7-twisted W(j>)-modules. But these modules can be treated as 
^-twisted M(l)-modules. 

General form of ^-twisted M(l)-modules can be obtained by using the theory of twisted Zhu's 
algebras. 

Recall that for an automorphism r of order two of the vertex operator algebra V, twisted Zhu's 
algebra A T (V) = V/0 T (V) where T (V) is the linear span of the vectors of the form 

(1 _|_ z \deg(a)-l+S r +r/2 

ao T b = Res^ t— ; Y(a, z)b 

2?i--\-O r 

where a G V r , S o = l,S 1 =0,r = 0, 1. 
We also define 

(I _|_ z )dcg(a)~l+S r +r/2 

aolb = Res z K - } zk+5r Y(a,z)b (k > 1). 

We know that ao T k b G O t {V). 

Lemma 5.1. There is a surjective homomorphism of associative algebras 



* : A(L{cp tl ,0)) ^ Av(M(l)). 



In particular, the ^-twisted Zhu's algebra A^,{M{\)) is a quotient of the polynomial algebra C[x}. 
Moreover, every irreducible \I/ -twisted M{\)-modules has the form L l ™ (h) such that the lowest 
component is 1 -dimensional on which [u>] acts by multiplication with h. 



Proof. Since M(l) is strongly generated by u and H, then Ay(M(l)) is generated by 



M=w + 0*(M(1)), [H] = H + 0*(M(1)). 



But, H = H o 1 implies that A^(M(1)) is generated by [u>]. This gives an algebra homomorphism 



A(L(cp,i,0) = C[x] -> A*(M(1)). 
The second assertion follows from the theory of Zhu's algebras. □ 

We have: 



Theorem 5.2. For every j = 1, . . . ,p: 
T) R(j) is an irreducible ^-twisted M (1) -modules of lowest conformal weight h p+ ± /2-j,i ■ 



(3) R(jf ^ (R(j) a ) + ®(RU) a )~, an d (R(J)' 7 ) ± are irreducible M{1) + -modules. 



Proof. First we notice that as a module for the Virasoro algebra R(j) is a direct sum of irreducible 
Feigin-Fuchs modules. Irreducibility follows easily from the fact that o~(H) = XE-\-fj,F maps Feigin- 
Fuchs module 

3p— 1/2— s p — 1/2 — s ^^ 5p — 1/2 — a 

e 5 Q ® Af (1) -+ e 2? ° ® M(l) e 5 a ® Af (1) (s € Z). 



This proofs of irreducibility of R(j) ■ The assertion (2) follows from (1), Zhu's algebra theory and 

p-l/2-j a p-3/2+j a a a 

the fact that e 2 p (resp. e 2 p ) is a lowest weight vector in R(j) (resp. R(2p + 1 — j) ). 
Assertion (3) follows directly from (1) and (2). □ 



Conjecture 5.3. Twisted Zhu's algebra Aq,{M(l)) is isomorphic to 

v 
C[x]/(h p (x)), h p (x) = Y[(x - Vfi/2-i,i)- 

i=l 

We shall now see that Conjecture 15.31 holds for p small. We notice that 

H o T H, H ol H € U(Vir).l = L(c Ptl , 0). 
Therefore, there are polynomials f,g E C[x] such that 

[Ho r B\ = f([u]), [HolH}=g([u]) e A(L(c pA , 0)) * C[x] 



But in twisted Zhu's algebra A^(M(1)) we have 

/([«]) =»([«]) = 0. 



Since R(j) are irreducible ^-twisted Af(l)— modules, we conclude that 

/(/lp+l/2-j,l) = 9(^+1/2-^1) =° (j = 1> • • • :P)- 

Therefore, /, g are divisible with /i p , and there exists polynomials fi,gi such that 

/ = fihp, g = gih p . 
It is clear that the proof of Coniecture 15.31 will follow from 

(3) (/i,9i) = l- 

The polynomials /, g can be determined by evaluating above relations on M(l)-modules Af (1, A). 
Since such construction appear in many paper, we shall omit some details and only present formulas: 

■ 

f(x) = Res 2 



(l + Zl )2p-t-3/2 (1+Z2) t (1 + ZSJ 



1,Z2 ' Z3 z- 2 * + \z 2 z z yp 

{(zi - z 2 r 2p (zi - z 3 )" 2p (z 2 ~ z 3 ) 2p - (z 2 - z 1 )- 2 P(z 1 - z 3 )- 2 P(z 2 - z 3 ) 2p ) 

(l + Zl )2p-*-3/2(l +Z2 )t(l + Z3 ) 



g[x) - Ke SzuZ2 , zs Z -^ {Z2Z3) 2 P 

{(zi - z 2 )- 2p (zi - z 3 y 2p (z 2 - z 3 ) 2p - (z 2 - Zl )- 2p { Zl - z 3 y 2p (z 2 - z 3 ) 2p ) 

where x = ~Z — '-. 

It turns out that formulas for polynomials fi,gi are very complicated. 
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By using Mathematica/Maple we get a list of polynomials fi(x) and gi(x) for p < 5 is (up to a 
scalar factor): 



p 


A(x) 


ffi(z) 


2 


8a; - 3 


32a; - 9 


3 


105 - 256a; + 2ttx z 


455 - 1136a; + 1536a;^ 


4 


-23625 + 68960a; - 59392a; z + 32768a; 3 


-401625 + 1216000a- - 1024000a-^ + 786432a; 3 


5 


2837835 - 9007488a; + 10473984^ - 4587520a; 3 + 1638400a; 4 


3972969 - 12744144a; + 15591168a;^ - 6410240a;- 3 + 3276800a;* 



We checked by computer that all polynomials fi,gi are relatively prime for p < 20. 

Theorem 5.4. Assume that condition {3j) holds (verified for p small). Then Conjecture 15, 31 holds 
and the set 



provides all irreducible, TjN-graded ^-twisted M(l)-modules. 

Proof. We know that Ker(<i>) is a principal ideal in C[x] = A(L(c Pt i,0)) generated by certain 
polynomial /i([w]) such that h p \h. Since /([u;]), <7([w]) € Ker(<I>), condition ([3]) implies that /i p ([w]) € 
Ker(<3?). This proves the assertion. 



□ 



Remark 5.5. It was proved by C. Dong and C. Jiang in |DJj that semi- simplicity of twisted 
Zhu's algebra A g (V) implies g rationality. By using this result we conclude that every ^-twisted 
^N-graded M{\)-module is completely reducible. 



6. M(l) AND W(p) m -MODULES FROM TWISTED MODULES 



We have the following 2p irreducible M(l) -modules 



rut ■■= (m 



(R(2p + l-j) 



R(2p + l-j)° :=(R(j) 



(R(2 P + i-j) y 



These modules are irreducible M(l) -modules, and therefore they are irreducible W(p) Dm -modules 
for every m > 1. 

First we shall identify these modules as M(l) -modules. 



Proposition 6.1. For every 1 < i < 2p, there exists an irreducible M(l) -module 



L 



M(l) 



+ (h3p+i/2-i,i,-^f P (h 3p +i/2-i,i)) with lowest weight 



(^3p+l/2-i,l ) — « /p(^3p+l/2-i,l )) • 



Moreover, 



R(iy 



L 



M(l) 



7J+(^3p+l/2-i,l> — „/p(^3p+l/2-i,l))- 



3p-l/2-j, 



Proof. First we notice that the vector e 2 p is a lowest weight vector in R{j) a for M(l) . The 
action of generator H C 2 ' is 

a(if (2) ) = _I#(2) +aiF (2) +a2 £(2) 

for certain constants 0,1,0,2- This implies that lowest weight with respect to (L(0), H^ 2 '(0)) is 

(^3p+l/2-j,l> ~~ l/2/p(^3p+l/2-j,l))- 

The proof follows. D 
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Remark 6.2. It is known that for p = 1, the lattice vertex algebra Vl carries an action of the 
A\ affine Lie algebra. In Chapters 3 and 4 of [FLMj . Frenkel, Lepowsky and Meurman discuss 

twisted and untwisted constructions of the affine Lie algebra A\ . Two twisted realizations of 
a[9\] and a[9-2\ are constructed there, where 0\ and 02 are two obvious involutions of A\. In 
Section 3 (loc.cit) (essentially Lepowsky- Wilson's construction), a\02\ acts on the twisted Heisenberg 
Fock space £(1)2+1/2); an d then in Section 4 a different construction is presented on a pair of 9\- 

twisted V^-modules. Finally, a graded isomorphism of two A\ -modules is constructed by using 
automorphism a (for definition see Chapter 4 (loc.cit)). 

But in this W-algebra picture, where p > 2, there is no such thing as S^fjz+i^)) so instead we 
have to reverse the steps. We use the automorphism r (corresponding to 9\), r-twisted modules 
R(j) defined in |ALM1| . and an automorphism a constructed in Section 4, to define <7 _1 T<7-twisted 

action of W(p) on the same space. This in turn gives a family of irreducible M(l) -modules needed 
in Proposition 16.11 Thus our construction should be viewed as a W-generalization of the relevant 
parts of (FLM]. 

Lemma 6.3. There is an automorphism h ofW(p) m such that 

Proof. The automorphism h is realized as a restriction of the automorphism 

Tri 
exp a(0) 

of the lattice vertex algebra Vl. □ 

Proposition 6.4. For every 1 < j < 2p, R(j) a and R{j) ha are irreducible W(p) Dm -modules with 
lowest weights 

(^3p+l/2-j,l; — l/2/p(/l3p+l/2-j(,l); a j); (^3p+l/2-j,l> ~ l/2/p(/l3p+l/2-j,l)) ~ a j)i 

where aj 7^ 0. In this way we have constructed Ap non-isomorphic irreducible W(p) m -modules. 



Proof. Theorem l5.2l gives that R(j) a is M(l) -modules, and therefore it is also irreducible W(p) m - 
module. Lowest weight component of these modules is 1-dimensional, spanned by vector v, and 
the lowest weight with respect to (L(0),H 2 (0), U rn (0)) 

( h 3p+l/2-j,l, -V2fp{h3p+i/2-j,i),aj) for R(j) 9 , 

where aj € C. Since Y{U^ m ' , z)v 7^ 0, we have that there is no such that 

I^WO, Ut l) v = 0(n>n ). 



One can easily see that Un v is a singular vector for M(l) . Irreducibility of R(j) a as M(l) 
module gives that U^' v is proportional to v, and therefore Un v = ajV and aj 7^ 0. Applying the 
automorphism h of W(p) Dm we get that R(j) ha is irreducible lowest weight module with lowest 

weight 

(^3p+l/2-j,l > — l/2/p(^3p+l/2-j,l)j ~ a j)- 

The proof follows. □ 
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7. Classification of irreducible M(l) -modules 



In this section we study the problem of classification of M(l) -modules by using Zhu's algebra 
theory. We will prove that every irreducible M(l) -modules is realized as a submodule of untwisted 
M(l)-modules or 'I'-twisted M(l)-modules. 

For a, b £ W(p) we define 

(1 _|_ z )dcg(a) 

aob = Res z 5 Y(a, z)b, 

z 6 

(1 _|_ /2 )deg(a) 

ao k b = Res 2 ^ Y(a, z)b. 



Lemma 7.1. Inside the Zhu algebra A(M(1) ) we have the following relations: 
(1) 

([^ (2) ]-/ P (M))*([^ (2) ]-r P (M)) = o, 

(2) 

£p([«]) * ([# (2) ] - /p(M)) = o, 

where r p ,£ p € C[x], degr p < 3p — 1, deg^ p < 3p. 

Proof. By using Lemma 13. II we get that if R(x,y) G C[x,y] such that 

it>(M,[tf( 2 )]) = => (y-f p (x)) \R(x,y). 
Now assertion (1) follows from relation 

[HM]*[HM]-f([ U ])*[HM]-g([u,]) = 0, 
where deg(/) < 3p — 1, deg(g) < 6p — 2. Assertion (2) follows from relation 

= [H^oH^] = f([u])[H^} + ~g([u J }) = 0, 
where deg(/) < 3p, deg(g) < 6p — 1. D 



Irreducible representations of M(l) are parameterized by lowest weight (x, y) with respect to 
(L(0),H^ 2 '(0)). Lemma 17.11 and Theorem 12.11 imply the following result. 



Proposition 7.2. Let L +(x,y) be irreducible M(l) -module of lowest weight (x,y). Then 

(x,y)GS p = S^US^, 
where 

Sj? = {(x,y)eC 2 \y = f p (x)}, 
(4) 4 2) = {(x, y)eC 2 \ £ p (x) =0,y = r p (x)}. 



By evaluating relations (1) and (2) in Lemma 17.11 on M(l) -modules, we get the following 
formulas for polynomials £ p {x) and r p {x). 

Corollary 7.3. 

(1) There is a constant A p (possibly zero) such that 

£ p (x) = A p Y[{x - h 4p -i,i) Y[{x - /i 3p +i/2-i,i)- 

i=l i=l 
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(2) The polynomial r p is non-trivial and satisfies the following interpolation conditions: 
r p (hi p -i t i) = — 2/p(/J4p_j ) i), r p(^3p+l/2-j,l) = — 2/p(^3p+l/2-j,l)) 

fori = l,...,p, j = l,...,2p. 

The following Corollary is a direct consequence of the proof Lemma 17. II and it is important for 
determination of C 2 -algebra P(M(1) + ) = MO0 + /C 2 (M{Tj + ). 



Corollary 7.4. In V(M(1) ) we have that 
(i) 



(HV) - aa; 3p - 1 )( J ff( 2 ) - bW^- 1 ) = 0, 
(ii) 



ApuJ^iHC 2 ) - auJ 3p - 1 ] 
where a, b € C, o/O. 

Now, we develop a different method for calculation of polynomials r p and £ p . We should say 
that in the case p = 1, these polynomials are calculated by C. Dong and K. Nagatomo in |DN1] , 
We shall follow our methods for developing calculations in Zhu's algebra for triplet vertex algebras 
from [XM2] and [XM3] . 



Lemma 7.5. Let f{x) = f p (x) + r p {x). In Zhu's algebra A(M(1)) we have: 
(1) 

f([u])*[H^] = [Q 2 (Qe- 2a *Qe- 2a )}, 

(2) 

£ p ([u J })*[H^} = [Q 2 (Qe~ 2a 5Q e - 2a )}. 

Proof. First we notice that 

[H&] * [H^] = /(H) * [H^] - f p ([ u ]) * r p (H). 

Applying the operator Qf on this relation, we get relation (1). Similarly from 

= [H®oH<»] = l p ([ u ]) * [H®] - £ P (M) * f p ([u]) € A(M(1) + ), 
applying again the operator Qf, we infer relation (2). □ 

We shall evaluate these relations on top components of lowest weight M(l)-modules. Let 
u = Q 2 (Qe~ 2a * Qe~ 2a ) = -Q 2 (e~ 2a * Q 2 e~ 2a ), 

u = Q 2 {Qe- 2a oQe~ 2a ) = Q 3 { e - 2a 5Q e - 2a ) - Q 2 (e~ 2a 5Q 2 e ~ 2a ) . 
Next we get 

o(u)v\ = G p (t)v\ 

(1 + z )6p-2-2t 

G p (t) = Res z , ZuZ2 ^ Z4 {^ z ^ T ^-^—^A 4 {z 1 ,z 2 ,z 3 ,z 4 ) p 

{{ Zl - z)(z 2 -z)(z- z 3 )(z - ^ 4 ))- 4p (l + zi)*(l + z 2 )\l + z 3 )\l + z 4 f). 
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o(u)v\ = G p (t)v\ 



1 + z fP~2-2t 



G p {t) = Res ZtZuZ2tZStZ4 ( ~ -j- A 4 ( Zl ,z 2 ,z 3 ,z 4 ) 2p 



- z -8p+3( ZlZ2Z3Z/L )4 P 



({ Zl - z)(z 2 - z)(z 3 -z)(z- z 4 ))- 4p (l + zi)'(l + z 2 ) t (l + z 3 Y(l + Z 4 f) 

-Res z , Zl , Z2:Z3tZ4 ( z _ 8p+3 ( ZiZ2Z3Z/l)4p A 4 (*i, * 2 , z 3 , z 4 fP 

(( Zl - z)(z 2 -z)(z- z 3 )(z - z 4 ))- 4p (l + zi)'(l + z 2 )'(l + z 3 )\l + z 4 )') 

(1 + z \6p-2-2t Q^P-I _ / z \ 

■((*! - *)(* 2 - Z)(Z - Z 4 ))" 4P (1 + Zl )*(l + Z 2 )<(1 + ^'(l + *4)*), 

where <5(x) = Xmez • rn ^ s t ne f° rma l ^-function. 

Polynomial £ p can be obtained by using the following constant term identity: 



^--M t+ T%t-%U *>** 



Conjecture 7.6. 



Proposition 7.7. Assume that Conjecture \ 7. 6\ holds, then 

4 p-l 2p 

l p (x) = v Yl (x - fn t i) ■ JJ(x - ftap+i/2-i.i) (" ^ 0). 

j=3p i=l 

Remark 7.8. We checked Conjecture \ 7. 6\ by using Mathematica for p < 10. 

Example 7.9. Let p = 1. Using Mathematica /Maple we get 

, , 908x 2 - 515a; + 27 

V ' 105 

In this way, we have reconstructed the result from |DNlj (we take slightly different normalization). 
For p = 2 we get the following formula: 

. , 8(-8505 - 16875a; + 655191a; 2 - 1359879a; 3 + 642800x 4 + 10048a; 5 ) 
r2(x) = 984555 ' 



Theorem 7.10. Assume that Conjecture \ 7. 6\ holds. The modules constructed in Propositions W. 
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6. 1\ and \3.3\ provide a complete list of irreducible M(l) -modules. 



Proof. Assume that U Xihyo is an irreducible M(l) -module with lowest weight (xq, j/o)- If {xq, yo) £ 

S p , by Proposition 13.21 we know that there is a unique irreducible module with this lowest weight. 

If (xo,yo) (JL S p , then £ p (xq) = 0. This implies that xo = h 4p -i t i for certain 1 < i < p or 

(2) 

x o = h 3p+ i/2-i t i for certain 1 < i < 2p. Then yo = r p(xo)- Therefore (xo,yo) € S p . The proof 
follows. □ 

8. The vertex algebra W(p) D2 

In this section we shall present a complete results on classification of irreducible modules, the 
structure of Zhu's algebra and C 2 -algebra for the vertex operator algebra W(p) 2 . It turns out 

that many relations obtained in the case of the vertex operator algebra M(l) can be used directly. 
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We first recall that the vertex algebra W(p) 2 is strongly generated by 

Therefore Zhu's algebra A(W(p) D2 ) is generated by [to], [H^] and [L^ 2 )]. 
Next we need the construction of an automorphism of W(p) D2 . 

Lemma 8.1. There exists an automorphism of the vertex operator algebra W(p) 2 such that 

2 8 

g(U^) = 6H^--U^. 

Proof. One can directly show that 

9 = a \w( P ) D 2 
where a € Aut(W(p)) , 

«=[CT)] €PSL(2,C) 

la 

where complex number a is such that 4a 4 = — 1. Proof follows. □ 



Remark 8.2. The automorphismsi g and h generates S3. Therefore, S3 is a subgroup of the full 
automorphism group ofW(p) 2 . In fact, by using the similar proof as in |DGRj . one can show that 

Aut(W(p) D2 ) =i S 3 . 

Let Ao(W(p) D2 ) denote the subalgebra of Zhu's algebra A(W(p) D2 ) generated by [oj] and [H^]. 
First we notice that in A(W(p) 2 ) 

^\U {2) ] * [C/ (2) ] + 2[H^] * [H®] + A[Q 2 (Qe~ 2a * Qe~ 2a )] = 

which implies that 

[U<V]*[UV>] eA (W(p) D2 ). 
Thus we have 

A{W{p)° 2 ) = A {W{p) D2 ) 9 A 2 (W(p) D2 ), 
where 

A 2 (W(p) D2 ) = A (W( P ) D2 ).[U(% 

Similarly we have decomposition: 

V(W( P ) D2 ) = V (W(p) D2 ) ®V 2 {W{p) D2 ) 



where Vo(W(p) D2 ) is the subalgebra of V(W(p) D2 ) generated by ui and ff( 2 ) and 



V 2 (W( P ) D2 ) = V (W(p) D2 ).U( 2 ). 

Lemma 8.3. 

[1) In A(W(p) D2 ) we have 

e p ([u]) * [hM] = 0, 

and 

lp([u>])*f p ([u]) = 

where 

P 2p 

i p (x) = A p Y[{x - h 4p -i,i) Y[{x - h 3p+1/2 _ iA ) 

i=l i=l 
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(2) InV(W(p) D2 ) we have 
and 
Proof. We have 



A p uJ 3 PH( 2 ) = 



ArLf-P" 1 = 0. 



Since 



we get 



= Q\F^oF^) = E^oF^ + F^oE^ 

+4(Q 3 e- 2a 5Qe~ 2a + Qe~ 2a 5Q 3 e ~ 2a ) + GH^oH^ 

= E^oF® + F^oEW + QH^oHW - AH^oHW 
+4Q((Q 2 e~ 2a o Qe~ 2a + Qe~ 2a o Q 2 e~ 2a ) 

= eWoFM + F^oEW + 2H^oHW 
+4Q 2 {Qe- 2a 5Qe- 2a ). 

U^oU® = 2A(F^oE^ + eWoFM), 



Q 2 {Qe- 2a oQe~ 2a ) G 0(W(p) D2 ). 
On the other hand by Corollary 17.31 and Lemma 17.51 we have that 

lQ 2 (Qe- 2a 5Qe~ 2a )] = £ p ([oj]) * [H^] € ^(M(l) 



Now (1) follows from the structure of Zhu's algebra A(M(1) ). Statement (2) follows easily from 
the proof of (1) and the fact that 

Q 2 (QeZ 2 3 a Qe- 2a ) e C 2 (W(p) D2 )- 

D 

Lemma 8.4. We have 

£ p ([u}) * [U {2) ] = in A(W(p) D2 ), 

A p uJ 3p UM=0 in V{W{p) D2 ). 
Proof. Lemma |8 . 1 1 gives g £ Aut(W(p)' D2 ) such that 

g(H^) = -l/2H^-l/8U^. 
Now assertion follows by applying this automorphism on relations from Lemma 18.31 □ 



By using Corollary 17.41 and Lemmas 18.31 and 18.41 we conclude 

dim A(W(p) D2 ) < dlmV(W(p) D2 ) < Yip - 1. 

Now we shall present a list of lip irreducible modules for W(p) 2 ■ We shall get these modules 
as subquotients of irreducible W(p) 2 -modules or twisted W(p)-modules. 
First we recall that in [ALMlj . we have constructed modules 

R W = y z(2a) + 2-^ Q ' i = l,...,4 P . 

These modules are irreducible W(p) 2 -modules and irreducible twisted W(j>)-modules. The fol- 
lowing proposition shows that in this way we get 2p-inequivalent W{p) D ' 2 -modules. 
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Proposition 8.5. We have: 

(1) R(j) are irreducible W(p) D2 -modules. 

(2) R(j)^R(Ap + l-j),j = l,...,2p. 

(3) Lowest weight of module R(j), with respect to (L(0),H^ (0),U^ 2 \0)) is 

(^3p+l/2-j,l> fp(f l 3p+l/2-j,l)j 0)- 

Proof. First we notice that ty o R(j) = R{Ap + 1 — j). Therefore \1/ o R(j) is not isomorphic to R(j), 
and Theorem 6.1 of |DMj gives that R(j) and R(4p + 1 — j) are isomorphic as W(p) 2 -modules. 
This proves assertions (1) and (2). Proof of assertion (3) is easy. □ 

Let g £ Aut(W(p) D2 ) constructed earlier. Then g has order three. 

Proposition 8.6. For every 1 < i < 2p, are R(j) 9 and R(j) 9 modules irreducible W(p) D2 - 
modules. The lowest weight of R(j) 9 and R(j) 9 are 

(^3p+l/2-j,l> — 1 /2/p(^3p+l/2-i,l)) 6/p(^3 p+ x/2-i,l)) 

and 

(^3p+l/2-j,l) ~~ l/2/p(/l3p+l/2-j,l)) ~~ 6/ p (/l3 p+ i/2-j,l)) 

respectively. In this way we have constructed Ap-irreducible W(p) D2 -modules. 

Proof. Since R(j) is an irreducible W(p) D2 -modules, by construction R(j) 9 and R(j) 9 must be 
irreducible. Applying automorphism g we get that lowest weight of R(j) 9 

(^3p+l/2-j,l> — l/2/p(^3p+l/2-j,l),6/p(/j3p + i/2-j',l))- 

Applying the automorphism g 2 = g -1 we get that R(j) 9 has lowest weight 

(^3p+l/2-j,l> — l/2/p(^3p+l/2-j,l)) — 6/p(/l 3p+1 /2-j,l))- 

Proof follows. □ 

Proposition 8.7. We have: 
(1) n^') 1 * 1 are irreducible W(p) D2 -modules. 

(2) n(j) + =n(j)- ; j = i,...,p. 

Consider now a A-family of W(p) 2 -modules from [ALMlj : 

A(z)o,A(i) 2) i = l,...,p. 

Let U be any irreducible W(p) 2 -module from A-series. Then U is ^-invariant and therefore splits 
into a direct sum of two irreducible W(p) 2 -modules: 

U = U+®U~; U ± = {v€U\V(u) = ±u}. 

In this way we get Ap non-isomorphic W^)' 02 — modules. 

Proposition 8.8. Modules A(i) and h(i) 2 are non-isomorphic irreducible W(p) D2 -modules. We 
have: 

(A(z) -)* = A(*) 2 -, (A(i)o ^ = A(<)J. 

Proof. By construction and using Galois theory we have that these modules are irreducible and 
non-isomorphic. Let us identify lowest weights. Clearly, lowest weight of A(£)q is (hii,0,0). 

Lowest weight of A(i) _ has the form (/i4p-j,i, — 2/p(/t4p_j ) i),0). Applying the automorphism 5 
we get that lowest weights of A(i) 2 are 

(^4p-i,l> fp{h4p-i,l), ±12/ p (/l4p-i,l))- 

D 
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In this way we have constructed lip non-isomorphic irreducible modules. Since W(p) has p — 1 
logarithmic representations obtained in [AM3j . we get that 

dim A(W(p) D2 ) > Ylp-1. 

Lemma 8.9. In Zhu's algebra A(W(p) D2 ) we have: 

[H^]*[U^] = [U^]*[H^]=g p ([u J ])*[U^], 

where g p is a polynomial of degree degg p < 3p — 1. In particular, A(W(p) 2 ) is a commutative 
algebra. 

Proof. By definition of multiplication in Zhu's algebra we see that 

[H&] * [u^] = fi([w]) * [u {2) ], [u {2) ] * [h^] = r 2 (H) * [u { % 

for certain polynomials v\,fi of degree degfi < 3p — 1, degr2 < 3p — 1. By applying the above 
relations on lowest component of W(p) 2 -modules we get: 

n = r 2 = g p 

where g p is a polynomial of degree degg p < 3p— 1 satisfying the following interpolation conditions: 

9p{h&p-i,\) = /p(/t4p-i,l)j 9p(^3p+l/2-j,l) = — 2-/p(^3p+l/2-j,l)) 

for i = 1, . . . ,p, j = 1, . . . , 1p. The proof follows. □ 

We have: 

Theorem 8.10. Assume that A p ^ 0. Then 

d\mV{W{p) D2 ) = dim A{W{p)° 2 ) = Ylp-1. 

Moreover, the set 

{A(i)±,A(i)f,n(i) + ,R(j),R(j) 9 ,R(j) 9 -\i = l,...,p, j = l,...,2p.} 

provides a complete list of irreducible W(p) 2 -modules. 

Corollary 8.11. Zhu's algebra A(W(p) D2 ) is a Yip — 1 dimensional commutative algebra. 

Proof. We will use our result on classification of irreducible modules and dimension of Zhu's algebra. 
Zhu's algebra A(W(p) 2 ) is isomorphic to a direct product of 10p+l 1-dimensional ideals ideals, and 
(p— 1) 2-dimensional indecomposable ideals which corresponds to logarithmic modules constructed 
in [£M3] . □ 

Remark 8.12. By comparing lowest weights (and using Zhu's algebra theory), one gets that 

R{j) hg = R(j) g " 

as W(p) 2 -modules. 

Corollary 8.13. The vector space spanned by irreducible characters of W(p) D2 -modules is 5p 
dimensional with basis 

{chA(i)±,chn{i)+,chR{j), i = l,...,p, j = l,...,2p}, 

and it is the same as the vector space spanned by irreducible characters for W(p) 2 ■ Moreover, the 
modular closure of irreducible characters of W(p) 2 -modules is 6p — 1 dimensional and it is the 
same as that for W(p) 2 ■ 

Let us list explicitly lowest weights of irreducible W(p) 2 -modules. 
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module M 


L(0) 


^ 2 )(0) 


tfW(O) 


A«o + 


^,1 








A(*)o 


^i,3 


-Zfpihs) 





A«J 


^i,3 


fp(hi,3) 


12/p(/N |3 ) 


A(*)J 


/li,3 


fp(hi,3) 


-12/ P (M 


n(i)+ =* n(»)~ 


^p+i,3 


fp{h p +i t 3) 





*(j) 


^3p+l/2-j,l 


fp(h3p+l/2-j,l) 





i?(i) 9 


^3p+l/2-i,l 


— 2/p(^3p+l/2-j,l) 


6/p(^3p+l/2-j,l) 


i?(i) s_i 


h>3p+l/2-j,l 


_ 2"/p(^3p+l/2-j,l) 


— 6/p(/l3 p+1 /2_j i i) 



9. C2-COFINITENESS OF THE VERTEX ALGEBRA W(p) Dm 

In previous section, we described Zhu's algebra and C*2-algebra for the vertex algebra W(p) 
in the case m = 2. For these results we needed a technical condition that the polynomial £ p (x) is 
a non-trivial polynomial. But non-triviality of polynomial £ p (x) is related to certain constant term 
identity for which we do not have proof in full-generality (We checked this for p small) . 

Now we shall consider W(p) m . We know that this vertex algebra is strongly generated by oj, 
H^> and U^ = (2m)\F^ + E^ m \ As in [ALMlj . we have natural homomorphism 

1 



+ P(M(1)), uJ ^ ^\ HW ^ j^i^- 



where a^O. 



Lemma 9.1. Assume that m > 2. Then there exists an odd integer n, 2 < n < 4m(p — 1) + 4 such 
that 



and $(u!$U( m ))^0. 
Proof. Assume the contrary. Then we have, for each odd integer n, 2 < n < 2m(p — 1) + 4, 



0-Mj7(m) 



=(2m)\{E {m J F( m ) +fJ ) £H) 

=2(2m)\(F^> E(™)) 

=0, 

in M(1)/C 2 (M(1)). 

By the above computation and the proof of Lemma 3.3 of [ALMlj . we obtain the following 
identity 



where b 



~ mx °x~ 2m p ( 



+ • • • + b 



2m(—p+l) Jj Q 



2m(-p+l) 



+00 



/ j c n x , 

n=— 2m(mp+p— 1) 



2m(-p+l) 



7^ 0, and c n = when n is an odd integer and 2 < n < 4m(p — 1) + 4. This 



contradicts Lemma 19.51 below and completes the proof. 



□ 



The following lemma will give a non-trivial polynomial of possibly larger degree which annihilates 

([tf( 2 )]-/ p ([u;])). 



Lemma 9.2. 



19 



(1) In A{M{\) ) we have 

/(M) * ([h&>] - /„([«])) = o 

/or certain polynomial £ £ C[x], deg£ > 3p ; £ p (x) \ £(x). 
(1') JnA(W(p) I)2 ) we /iave 

£(M)*([i7( 2 )]) = o 

/or certain polynomial £ G C[x], deg£ > 3p ; ^ p (x) | £(x). 

(2) In 7 7 (Af(l) + ) we /iave 

uj n (Jm-auJ 3p - 1 ) = 

where a^O and n > 3p. 

(2') InV(W(p) D2 ) we have 

where n > 3p. 

Proof. Take k > 2 such that 



Uj n (tf( 2 )) = 0, iJ 3 P+ n - 1 



<S>(U®U( 2 )) + 0. 



As before, in A(M(1) ) we have relation 

[ H W~o k HM] =£([«}) *([HW]-f p ([oj])), 
for certain polynomial £ € C[x], and 

£(H) * [tf ( 2 )] = ^[Q 2 (Qe- 2a 5 fc Q e - 2 -)] („ / 0). 
As in the proof of Lemma 18.31 we have 

£(2) 5fc F (2) + F (2) 5 ^(2) + 2^(2)5,^(2) + 4Q 2 (Q e - 2Q 5 fc Q e - 2 «) = 0. 



This implies that in A(M(1)): 

[Q\Qe- 2a o k Qe- 2a )]=I([u;]){H^] 

for certain non-trivial polynomial £(x). This proves the assertion (1). Assertion (1') follows from 
the fact that 

Q 2 (Qe- 2a o k Qe- 2a )£0(W(p) D *). 

Relations (2) and (2') follows from (1) and (1'). □ 

Remark 9.3. Lemma \9.!% gives another proof of C2-cofiniteness ofW(p) 2 without using Conjec- 
ture 17.6 , 



Lemma 19.21 easily implies Ker($) is an nilpotent ideal in V{M{\) ). 

Now we are in the position to prove C2-cofiniteness of W(p) m . As in the case m = 2 we have 

V{W{p) Dm ) = V (W(p) Dm ) ®V m (W(p) Dm ) 



where Vo(W(p) Dm ) is a subalgebra of V(W(p) Dm ) generated by u and i?( 2 ) and 

V m {W{p) Dm ) = V Q {W(j>) D ™)XJ^. 
Theorem 9.4. The vertex operator algebra W(p) Dm is C2~cofinite. 
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Proof. C2-cofiniteness of W(p) + was proved in Proposition 14.31 We shall here present the proof 
for the case m > 2. It suffices to prove that Vo(W(p) Dm ) is finite-dimensional. Lemma 19.21 gives 
relation 

u n (jm - auJ 31 " 1 ) = in V Q (W{p) Dm ), 
Now Lemma 19.11 shows existence of the non-trivial element 

U^Uim) g p(M(l) + ) n C 2 (W(p) Dm ), 

which gives relation 



A m )i 



U^jjM = A{Zu){H( 2 ) - atJ*" 1 ) + B(u) = in T (W{p) Dm ), 

for certain polynomials A,B£ C[x]. Since <J>({7_. £A TO )) /Owe have that B ^ 0. By multiplying 
previous relation with uf 1 we get 

uf l B{u]) = in V {W{p) Dm ). 

This easily proves that Vo(W(p) Dm ) is finite-dimensional. □ 

We still have an unproved lemma. 

Lemma 9.5. Let p be a non-negative integer and let oq + ■ ■ ■ + b p x p be a polynomial in C[x], fro ^ 
and let m be a nonzero constant. Then in the following product expansion 



e mx (b + 



+ b p x p ) 



^Vo€*]], 



n=0 



there cannot exist an n,k G Z > q such that c n + p = c n+p+ k 



C-n+p+pk ". 



Proof. Without loss of generality, we can set m = 1. Assume the lemma is false, then there exist 
an n G Z >0 such that c„ +p = c n+p+ fc = • • • = c n+p+p k = 0, i.e., 

/ J_ i ... i \ 



(n+l)\ 
{n+k)\ (n+k+l)\ 



(n+p)\ 
{n+k+p)\ 



v I 1 

\(n+pk)\ (n+pk+l)l 







(n+pk+p)\ / 

But direct computation (by using column operations and induction on p) shows that the deter- 

l l 



minant 



(n+1)! 

(n+fc)! (n+fc+1)! 



1 



(n+p)! 

(n+fc+p)! 



(n+pfc)! (n+pfc+1)! (n+pfc+p)! 

a contradiction. This completes the proof. 



(_!)Kp+i)/2 TT 



A ( n + (j_i)fc+p)! 



□ 



10. Towards irreducible W(p) Dm -MODULES 



In the section, we assume that the readers are familiar with the enumeration of irreducible 
modules in Section 4 of [ALMlj . 

We shall first assume that m = 2k is even. Recall the conjectural set of irreducible W(p) m - 
modules. 

First we have A-series of irreducible modules of W(p) m : 
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A(*)o,A(i)f,A(Om, (j = l,...,k-l). 
A(i)o and A(i) m are ^-invariant, and therefore: we have decomposition of W(p)' Dm -modules: 

A(»)o = A(i)+0A(i) o -, 

A(»)m = A(i)+0A(i);, 

where A(i) , A(i)^ are the eigenspaces for eigenvalues ±1. By quantum Galois theory, A(i) , A(i)^ 
are non-isomorphic irreducible W(p) m — modules. 

Since \?(A(i) ■ ) = A(i)J we conclude that A(i) • are irreducible W(p) Dm -modules and 

A(i)+^A(i)J. 

So A-series of irreducible W(/j) Am -modules, gives 4tj + (m/2 — l)p-irreducible W(p) Dm -modules: 

A(0j,A(*)±,A(t)t (j = l,...,k). 
We also have Il-series of irreducible W(p) "-modules: 

n(»)f, (j = i,...,k). 

Since ^(n(i) • ) = U(i)J , we conclude that II(i) • are irreducible W(p) Drn -modules and 

So II series of irreducible W(p) m — modules, gives mp/2-irreducible non-isomorphic W(p) Dm - 
modules: 

n(i)+ (j = i,...,k). 

In this way we have proved that A and II-series gives (3 + m)jj-irreducible non-isomorphic 
W(p) m -modules. By using similar analysis we get the same result in the case m = 2k + 1. 

Lemma 10.1. The A and U-series of irreducible W(p) m -modules gives (3 + m)p non-isomorphic 
irreducible W(p) Dm -modules. 

We also have the twisted series of irreducible W(p) "-modules: 
For k = 0, ...,7?i — 1, we let 



fl(t,i,fc):=0M(l)®e 



T "' a+(ms+fc)a 



2p 

Since 

®(R(i,j,k)) = R(m-i,2p-j - l,m-k), 

we have that each R(i,j,k) is an irreducible W(p)' Dm -module and R(i,j,k) = R(m — i,2p — j 
l,rn — k) In this way we get pm(m — 1) irreducible W(p) Dm -modules. 
We also have 4p irreducible modules 

R(JT,R(j) ha 

constructed in Proposition 16.41 We call these modules as i?* 7 — series. 
Finally, we conclude: 

Proposition 10.2. The A, II, R and R a -series give (m 2 +7)p non-isomorphic irreducible yV(p) D ™ 
modules. 

Realization of irreducible modules enables us to prove commutativity of Zhu's algebra. 

22 



Proposition 10.3. Let m > 3. In Zhu's algebra A(W(p) ) we have 

[H&>] * [f/ (m) ] = [C/ (m) ] * [# (2) ] = £™(M) * P (m) ] 
where g™ is a polynomial of degree at most 3p — 1 which satisfies 

9™(hi,rn+l) = fp(hi, m +l), g™(hp+l/2-j,l) = -l/2/p(/l 3 p+l/2-j,l) ( m eWen )' 
5™(^p+i,m+2) = fp(hp + i, m+ 2) , 0™(^3p+l/2-j,l) = -l/ 2 /p(^3p+l/2-j,l) ( m °^)- 

In particular, Zhu's algebra A(W(p) Dm ) is commutative. 

Proof. The proof is similar to that of Lemma 18.91 We evaluate relations 

[jy(2)] * [r/M] = ^([ w ]) * [r/M^ [[/H] * [#(2)] = ^(^j) * [r/M^ 

on lowest components of yV{p) Dm -modules 






R {JYA{i)tn J = 1 ,---, 2 P, i = l,---,p (m even), 



i?(i) CT ,n(i)±, j = l,...,2p, * = l,...,p (model). 



The above analysis, and the results from [ALMlj and from Section [8] in the cases m 
motivate the following conjecture: 



□ 
1,2 



Conjecture 10.4. 

(1) The vertex algebra W(p) /ias (m 2 + 7)p non-isomorphic irreducible modules, and the modules 
constructed in Proposition \ 10.^ give a complete list of irreducible W(p) m -modules. 

(2) If m > 2, then Zhu's algebra A(W(p) m ) is commutative algebra of dimension (m 2 + 8)p — 1. 

10.1. Irreducible W(p) Dm -modules: lowest weights. Since we have already proved that mod- 
ules in Proposition 110.21 are non-isomorphic, we don't need explicit formulas for lowest weights. 
But for completeness, we shall list explicit formulas for lowest weights without proof for general m 
(we calculated these weights in the case m = 2). 

The action of Zhu's algebra on the lowest weights spaces M(0) can be found in the following two 
tables, where 

t+pl \ ((m + l)p -!)!((/ + l)p)! 
y (m + \)p — 1, 



m = (-i) p n 

1=0 



((m + l + l)p- l)\pl 



and number £ is defined as in Lemma 4.8 of [ALM1]. 
Let m = 2k. 



module M 


L(0) 


HW(0) 


r/M( ) 


A(i) + 


/ii,i 








A(*) ~ 


Kfi 


-V P {hi,z) 





mt = a(07 


hi,2j+i 


f P (hi t 2j+i) 





A(t)+ 


"-j,m+l 


Jp(/T"i,m+l) 


( m\ <K m P + « 1) 


A(»)m 


"-j,m+l 


fp\hi,m+l) 


( m , j <K mp + z 1) 


U{i)t - U{i)j 


^p+i,2j+l 


fp(hp+i,2j+l) 





R(i,j,k) 


ht+l-i/m,l 


fp{h(.+l-i/m,l) 





RUT 


h 3p+l/2-j,l 


— 2~fp(h3p+l/2-j,l) 


J^2L^3p-l/2-i) 


R(j) ha 


^3p+l/2-j,l 


— 2~fp(.h3p+l/2-j,l) 


-5^r^(3p-V2-i) 
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Let m = 2k + l. 



module M 


L(0) 


HW(0) 


[/(™)(0) 


A(03" 


^,1 








A(»)o 


hi,3 


-2f P (hi, 3 ) 





A(*)T = A(»)7 


hi,2j+i 


f P (hi t 2j+i) 





n(»)t - n(»)7 


h p +i,2j+i 


fp\hp+i,2j+l) 





n«+ 


>T'P+i,m+2 


fp{hp+i,m+2) 


9 i-i ) Tr ,i^( mp + j 1) 


n(*)m 


<lp+i,m+2 


fp(hp+i,m+2) 


pi-iLi'K r7^p + ^ 1) 


R(i,j,k) 


he+l-i/m,l 


fp{he+l-i/ m ,l) 





RU) a 


hs p +l/2-j,l 


~ 2/p(^3p+l/2-.7,l) 


^L.^Sp-l/2-j) 


R(j) ha 


hsp+l/2-j t l 


— 2^p(^3p+l/2-j,l) 


-J^(3p-l/2-j) 



11. Irreducible characters and modular closure 

As in [ALMlj we compute the 5X(2,Z)-closure of the character of W(p) Dm . We shall relate 
irreducible characters of W(p) Dm with irreducible characters of W(p) Am constructed from [ALMlj . 

First we notice that by construction chR(j) cr = chR(j) ha are characters of irreducible W(p) 2 - 
modules. Therefore, if m is even, these characters are in the span of characters of irreducible 
W(p) m -modules. But if m is odd, we get 2p new characters which are linearly independent with 
W(p) m -characters 

The case m = 1 was studied in [ALMlj since W(p) Dl = W(p) 2 . The case m = 2 was also 
studied in previous sections. As usual for a ^/-module M we denote 

ch M := tr M q LW - c/M . 



ch L - 



Lemma 11.1. For every m £ N and 1 < i < p 

C/l ^M(iy(>K,1.0)+ " Ca L __ {hi ^y 

is in the linear span of characters of irreducible W(p) 2 -modules. In particular, chA(i) is in linear 
span of irreducible W(p) m and irreducible W(p) 2 -modules. 



Proof. As an M(l) -modules we have 

A(i)+ = M$?.eW a R+, A(i)o = M(iy + .Q e 



2p 



©^ 



where i?Q and i? are isomorphic M(l) -modules. The above decomposition follows for every m 
and therefore 



ch A /N+ — ch. /„■-,- 
A 0)o A Wo 



ch 



ch_ 



M(l) .e" 2 ^" M(l) .Qe~^v~ 

is in linear span of W(p) 2 -modules, which is the same as linear span of irreducible W(p) 2 - 
modules. D 

As Virasoro modules, we have 

oo m—1 oo 

A(«)o" = (0( n ) L ( C P,1) hi,2(nm+k)+l)) 0(0 L ( C P,1> ^,4fc+l))- 
n=l fc=0 fc=0 

oo m—1 oo 

A (*)o = (0( n ) L (Cp,U hi,2(nm+k)+l)) 0(0 L ( C P,1, ^,4fc+3))- 



n=l 



fc=0 



fc=0 
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Hence, 



ch. 



1 



<*M 



+ 



t?(t 

1 



v(t 



+• 



+ 



1 



+ 



??(r 

1 



1 



+ 



T){t 

1 



1 



m + I W? _ V^( n _ xjgPOnn-On-l)-^) 3 ) 



n>2 



re>l 

oo 



n>l 



n>2 



n>l 

oo 



n>2 



«(2n+^) 2 _ «(2n+^)^ 



n>0 



5Z n 0? 



p( mn+ iL^)2 p ( mn+ l + iL^)2 



2 p ' +q 



2P ' +■■■ + 



p{mn+m-l+^-) 2 



2p 



ngZ 

oc 



n>l 



p-t -^2 1 

7](t) 



£^-^ + ^X> 



! -+^) 2 _^( 2 ™+^) 2 ; 



n>0 



lVm(p— i),pm 2 v"J "T (°irn(3p—i),pm 2 v) ~T ' ^Jm(2pm—p—i),prn 2 v)) i~ f 2(p— i),4p V J) 



where Q (r) are denned in [ALMlj . Similarly we have 



ch AW ( 7 (r) 

: ^(Qm(p-i),pm 2 ( T ) + Qm(3p-i),pm 2 ( r ) H + Qm{2pm~p-i),pm 2 \ T )) + @2(p+j),4p( r )- 



We also note that 



when m is even, and 



ch A«£ = 2 ChA ( J )- 

ch n (4) ± = 2 ch n(0 m 

when m is odd. 

Now by the calculation of characters and Theorem 6.5 in |ALMlj we summarize: 

Theorem 11.2. 

(1) When m is even, the dimension of the modular closure of irreducible modules A, IT, R and R a 
families (conjecturally all irreducible modules of W(p) Dm ) is (m 2 + 2)p — 1. Moreover, the space 
coincide with that of W(p) Am . 

(2) When m is odd and m > 3, the modular closure of irreducible modules A, II, R and R a families 
(conjecturally all irreducible modules ofW(p) m ) is (m 2 + 5)p — 1-dimensional and it is spanned by 
the (m 2 + 2)p — 1-dimensional space coming from W(p) together with 3p irreducible characters 

ch R(j) CT > J = 1 ,---,2P, 
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ch L _ {hiAfl)+ - ch L _ {Klfi) - (i = 1, . . . ,p). 

Proof. We have showed above that all irreducible W(p) m characters are in the sum of linear span 
of W(p) m and W(p) 2 -characters. So if m is even, we get assertion (1). In both cases modular 
space is spanned by 

(5) ^^ (* = 0,...,?™ 2 ) 

(6) ^f^ (i = 0,...,4 P ) 

(7) ^. (i = l,...,,-l) 

77(r) 

(8) ^f, (i = l,...,j,-l). 

?7(r) 

If m is even, then characters ([6]) can be expressed by ©. So basis is given by (|5|), ((7|), (JSj) - 
If in is odd, then formula 

m— 1 

02i,4p( r ) + 64p-2J,4p( r ) = ©i,p(T") = 2_> ©2pmn+im,pm 2 ( r ) 

n=0 

gives that the dimension of the modular closure is m 2 p + 5p — 1. The proof follows. □ 
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